We compute the Kauffman bracket polynomial of the numerator and denominator closures of A + A + · · · + A (A is repeated n times), where A is a 2-tangle shadow that has at most 4 crossings.
Introduction
A 2-tangle shadow is a 2-tangle diagram without under/over crossing information [Kre99, MS19] . The following definition holds for such class of tangles.
Definition 1. Let A := and B := be two 2-tangles. Then
• A + B := denotes the horizontal sum;
• A * B := denotes the vertical sum;
• 1 A := denote the inverse of A which is obtained by turning the tangle counterclockwise by 90 degree in the plane; Set A n := A + A + · · · + A, where A is repeated n times (with A 0 := [0]). In the present paper, we compute the Kauffman bracket polynomial of the closures N (A n ) and D (A n ). We restrict our computation to 2-tangles of up to 4 crossings. In fact, since N (A n ) and D (A n ) are knot shadows, we extend previous results in which we investigated the generating polynomial of knots of up to 3 crossings [Ram18a] .
The rest of the paper is organized as follows. We give in section 2 some properties of the bracket polynomial of 2-tangle shadows. By those properties, we obtain a set of integer polynomials which is presented in section 3. We give as well the tables giving the coefficients in the expansion of each polynomial.
Throughout the paper by "tangle" and "knot" we understand "2-tangle shadow diagram" and "knot shadow diagram", respectively. Also, we study tangles and knots up to planar isotopy.
Definition and construction
In the present framework, the Kauffman bracket polynomial of a shadow diagram is an integer polynomial in x such that the coefficient of x k matches the number of state diagrams having exactly k circles [Ram18a, Ram18b] . This definition extends to tangles as follows.
Definition 2. Let A be a tangle. The bracket polynomial of A, denoted A , is defined by
where a(A) and b(A) are integer polynomials. The linear combination of [0] and [∞] in (1) is obtained from the following usual rules for shadow diagrams:
where and denote the states of the crossing . Proof. The crossings are smoothed without affecting the closures [KL07] . Hence We understand R(A) as an interpretation of the DNA recombination [ES90, KL07] . For simplicity, we call it the R-closure. .
We now use similar notations to those of Kauffman [Kau83, p. 88]: we set A N := N(A) , A D := D(A) and A R := R(A) . The following identities hold. Lemma 6. If A and B are tangles, then Formulas for the closures are then immediate:
Corollary 9. The closures of A n verify
For example, [n] D = x(x + 1) n ;
[n] N = (x + 1) n + x 2 − 1;
[n] R = (x + 1) n+1 + x 2 − 1.
Definition 10 ([KL07]). We define the polynomial fraction, F (A), of the tangle A as
With the previous notations, we have
Remark 11. Let A and B be two tangles. We have A = B
(i) if A is planar isotopic to B, or (ii) if there exist a tangle T and two knots K and K ′ , with K = K ′ , such that A = T #K and B = T #K ′ .
By "tangle # knot" we mean the knot is connected at some segment of the tangle, # denoting the usual connected sum. Recall that for two knots K and K ′ [Ram18a] ,
Here, (i) and (ii) suggest that there exists a tangle A for which the identity A = T #K is satisfied only if A is planar isotopic to T , and K is the unknot . For such case, we say that A is prime, and locally knotted otherwise. If A = x −1 T * K and T * is prime, then we say that T * is the skeleton of A.
The polynomial fraction allows us to "extract" the skeleton of a tangle. Indeed, assume that A = x −1 T * K . By (4) we obtain a common factor which affects both brackets
[0] and [∞] , i.e.,
and consequently F (A) = F (T * ).
Last equality implies that the skeleton T verifies gcd(a(T * ), b(T * )) = 1. For example, consider tangle A as in Figure 1a . We have Remark 12. Assume that we can disconnect more than one knot in the tangle A, i.e.,
Then by (4) we have
Example 13. Tangle B in Figure 1b has the same bracket polynomial as the tangle belows , , ,
and verifies
3 Results
Classifying of knots and tangles
Let c(X) denote the number of crossings in the diagram X. Our goal is to find all possible values of A n for any tangle A with c(A) ≤ 4. Since A can always be written as x −1 T K , with T prime, it suffices to find all values of T and K when c(A) ∈ {1, 2, 3, 4} and c(A) = c(T ) + c(K). As seen in Remark 11 and 12, two different diagrams can have the same bracket polynomial. Let us then introduce the following equivalence relation which allows us to to gather together tangles and knots that share the same bracket expression.
Definition 14. We say that X is equivalent to X ′ if X = X ′ . We let π (X) denote the equivalence class of X.
For each numbered equivalence classes listed below, Ai is a representative of a class, Bi is the entry for the bracket of Ai, and entries Di, Ni and Ri are for the brackets of the denominator, numerator and R closures of (Ai) n , respectively.
We begin with the classes of prime tangles (cf. Figure 2 ). a: π(A1) b: π(A2) c: π(A3) d: π(A4) e: π(A5) f: π(A6) g: π(A7) h: π(A8) i: π(A9) j: π(A10) k: π(A11) l: π(A12) m: π(A13) n: π(A14) o: π(A15) p: π(A16) q: π(A17) D1:
x(x + 1) n , Table 1 . Table 2 . Table 3 .
D2:
x (x + 1) 2n , Table 4 (cf. D18).
N2: (x + 1) 2n + x 2 − 1, Table 5 . Table 6 .
D3: x(2x + 2) n , Table 7 . Table 8 . Table 9 .
D4:
x (x + 1) 3n , Table 10 (cf. D25, D19).
N4: (x + 1) 3n + x 2 − 1, Table 11 . Table 12 .
B5:
D5: x x 2 + 4x + 3 n , Table 13 (cf. D7).
N5: x 2 + 4x + 3 n + x 2 − 1 x 2 + 3x + 3 n , Table 14 . D6: x 2x 2 + 4x + 2 n , Table 16 (cf. D28, D20).
N6: 2x 2 + 4x + 2 n + x 2 − 1 (x + 2) n , Table 17 .
R6: (x + 1) 2x 2 + 4x + 2 n + x 2 − 1 (x + 2) n , Table 18 .
D7: x x 2 + 4x + 3 n , Table 13 (cf. D5).
N7: Table 19 . Table 20 .
D8:
x (x + 1) 4n , Table 21 (cf. D21, D26, D31).
N8: (x + 1) 4n + x 2 − 1, Table 22 . Table 23 .
B9:
D9: x x 3 + 4x 2 + 7x + 4 n , Table 24 (cf. D10, D17).
N9: Table 25 . Table 26 .
D10: x x 3 + 4x 2 + 7x + 4 n , Table 24 (cf. D9, D17).
N10: Table 27 . Table 28 .
B11:
D11: x (2x + 2) 2n , Table 29 (cf. D30). Table 30 . Table 31 .
D12: x 3x 2 + 8x + 5 n , Table 32 (cf. D14).
N12: 3x 2 + 8x + 5 n + x 2 − 1 2x 2 + 6x + 5 n , Table 33 . Table 34 .
D13: x 2x 3 + 6x 2 + 6x + 2 n , Table 35 (cf. D23, D27, D29, D33). Table 36 . Table 37 .
B14:
D14: x 3x 2 + 8x + 5 n , Table 32 (cf. D12).
N14: 3x 2 + 8x + 5 n + x 2 − 1 x 2 + 5x + 5 n , Table 38 . Table 39 .
D15: x x 3 + 5x 2 + 7x + 3 n , Table 40 (cf. D16, D22, D24, D32).
N15: Table 41 . Table 42 .
B16:
D16: x x 3 + 5x 2 + 7x + 3 n , Table 40 (cf. D15, D22, D24, D32).
N16: Table 43 . Table 44 .
B17:
D17: x x 3 + 4x 2 + 7x + 4 n , Table 24 (cf. D9, D10).
N17: Table 45 . Table 46 .
Notation 15. As previously raised in Remark 12, the class π T #K is also equal to the set π T #π K := T #K : T ∈ π T , K ∈ π K . We identify the following classes for π K , where c(K) ∈ {1, 2, 3, 4} [Arn94, p. 14], [DDTT07] .
, .
Note also that
• π ( ) = π ( ) #π ( );
• π ( ) = π #π ( ).
Now we have the following list for locally knotted tangles.
D18:
x (x + 1) 2n , Table 4 (cf. D2). Table 47 . Table 48 .
D19:
x (x + 1) 3n , Table 10 (cf. D4, D25). Table 49 . Table 50 .
D20: x 2x 2 + 4x + 2 n , Table 16 (cf. D6, D28). Table 51 . Table 52 .
D21:
x (x + 1) 4n , Table 21 (cf. D8, D26, D31). Table 53 . Table 54 .
B22:
D22: x x 3 + 5x 2 + 7x + 3 n , Table 40 (cf. D15, D16, D24, D32).
N22: Table 55 . Table 56 .
B23:
D23: x 2x 3 + 6x 2 + 6x + 2 n , Table 35 (cf. D13, D27, D29, D33). Table 57 . Table 58 .
D24: x x 3 + 5x 2 + 7x + 3 n , Table 40 (cf. D15, D16, D22, D32).
N24: Table 59 . Table 60 .
B25:
D25:
x (x + 1) 3n , Table 10 (cf. D4, D19). Table 61 . Table 62 .
26. π [2] #π ( ).
B26:
D26:
x (x + 1) 4n , Table 21 (cf. D8, D21, D31). Table 63 . Table 64 .
B27:
D27: x 2x 3 + 6x 2 + 6x + 2 n , Table 35 (cf. D13, D23, D29, D33). Table 65 . Table 66. 28. π [1] #π .
D28: x 2x 2 + 4x + 2 n , Table 16 (cf. D6, D20). Table 67 . Table 68 .
D29: x 2x 3 + 6x 2 + 6x + 2 n , Table 35 (cf. D13, D23, D27, D33). Table 69 . Table 70 .
D30: x (2x + 2) 2n , Table 29 (cf. D11).
N30: (2x + 2) 2n + x 2 − 1 2x 2 + 6x + 4 n , Table 71 .
R30: (x + 1) (2x + 2) 2n + x 2 − 1 2x 2 + 6x + 4 n , Table 72 .
π [1] #π ( ).
B31:
D31:
x (x + 1) 4n , Table 21 (cf. D8, D21, D26).
N31: (x + 1) 4n + x 2 − 1 (x + 1) 3n , Table 73 . N32: x 3 + 5x 2 + 7x + 3 n + x 2 − 1 x 2 + 4x + 3 n , Table 75 .
R32: (x + 1) x 3 + 5x 2 + 7x + 3 n + x 2 − 1 x 2 + 4x + 3 n , Table 76 .
π [1] #π (
).
D33: x 2x 3 + 6x 2 + 6x + 2 n , Table 35 (cf. D13, D23, D27, D29) . Table 77 . Table 78 . D34: x.
N34: x 2 .
R34:
D35: x n+1 , Table 79 .
N35: x 2 if n = 0, x n otherwise, Table 80 .
R35: x 2 + x if n = 0, x n+1 + x n otherwise, Table 81 .
Tables of coefficients
Tables that are listed here consist of the coefficients in the expansion of the bracket polynomials seen in subsection 3.1 for small n.
n\k 0 1 2 3 4 5 6 0 0 1 1 0 1 1 2 0 1 2 1 3 0 1 3 3 1 4 0 1 4 6 4 1 5 0 1 5 10 10 5 1 n\k 0 1 2 3 4 5 0 0 0 1 1 0 1 1 2 0 2 2 3 0 3 4 1 4 0 4 7 4 1 5 0 5 11 10 5 1 
n\k 0 1 2 3 4 5 6 0 0 1 1 1 0 2 2 2 0 3 4 1 3 0 4 7 4 1 4 0 5 11 10 5 1 5 0 6 16 20 15 6 1 Table 3 :
n\k 0 1 2 3 4 5 6 7 8 9 10 11 0 0 1 1 0 1 2 1 2 0 1 4 6 4 1 3 0 1 6 15 20 15 6 1 4 0 1 8 28 56 70 56 28 8 1 5 0 1 10 45 120 210 252 210 120 45 10 1 
n\k 0 1 2 3 4 5 6 7 8 9 10 11 0 0 1 1 1 0 2 4 2 2 0 3 10 12 6 1 3 0 4 19 37 38 22 7 1 4 0 5 31 84 131 130 85 36 9 1 5 0 6 46 160 335 471 467 331 165 55 11 1 Table 78 : x k (x + 1) 2x 3 + 6x 2 + 6x + 2 n + x 2 − 1 2x 2 + 4x + 2 n (cf. R33).
n\k 0 1 2 3 4 5 6 0 0 1 1 0 0 1 2 0 0 0 1 3 0 0 0 0 1 4 0 0 0 0 0 1 5 0 0 0 0 0 0 1 n\k 0 1 2 3 4 5 0 0 0 1 1 0 1 2 0 0 1 3 0 0 0 1 4 0 0 0 0 1 5 0 0 0 0 0 1 Table 80 : x k p n (x), where p 0 (x) = x 2 and p n (x) = x n for n ≥ 1 (cf. N35).
n\k 0 1 2 3 4 5 6 0 0 1 1 1 0 1 1 2 0 0 1 1 3 0 0 0 1 1 4 0 0 0 0 1 1 5 0 0 0 0 0 1 1 Table 81 : x k p n (x), where p 0 (x) = x 2 + x and p n (x) = x n+1 + x n for n ≥ 1 (cf. R35).
